In the study of free arrangements, the most useful result to construct/check free arrangements is the addition-deletion theorem in [6] . Recently, the multiple version of the addition theorem is proved in [2], called the multiple addition theorem (MAT) to prove the ideal-free theorem. The aim of this article is to give the deletion version of MAT, the multiple deletion theorem (MDT). Also, we can generalize MAT from the viewpoint of our new proof. Moreover, we introduce their restriction version, a multiple restriction theorem (MRT). Applications of them including the combinatorial freeness of the extended Catalan arrangements are given.
Introduction
Let K be an arbitrary field, V = K ℓ and S = K[x 1 , . . . , x ℓ ] its coordinate ring. Let Der S := ⊕ ℓ i=1 S∂ x i . A hyperplane arrangement A is a finite set of linear hyperplanes in V . For each H ∈ A, let us fix a linear form α H ∈ V * such that ker α H = H. The logarithmic derivation module D(A) of A is defined by D(A) := {θ ∈ Der S | θ(α H ) ∈ Sα H (∀H ∈ A)}. In the study of hyperplane arrangements, the freeness is one of the most important objects. But in general it is very difficult to determine whether a given arrangment is free or not. The most useful method to check the freeness is the following addition-deletion theorem. In particular, all the three hold true if A and A ′ are both free.
There are a lot of variants of Theorem 1.1. For example, the division theorem in [1] is one of them. Among them, recently, the multiple addition theorem (MAT) is introduced in [2] to prove the freeness of ideal subarrangements. Let us recall MAT. 
. . , H ℓ } and assume the following conditions:
This multiple addition theorem enables us, under certain conditions, to add hyperplanes at once to free arrangements keeping the freeness with controlled behavior of exponents. Then it is very natural to ask, what about the multiple deletion theorem? The first aim of this article is to answer this very natural question as follows:
. . , H q } and assume the following conditions:
From the same viewpoint of Theorem 1.3, we can show a generalized version of the multiple addition theorem in [2] as follows:
Also, we can show the restriction version as follows:
We give some applications of MDT and MAT2. In particular, by observing MAT, we can show that the freeness of the extended Catalan arrangements depends only on its combinatorics.
The organization of this article is as follows. In §2 we introduce several definitions and results used in this article. In §3 we prove MDT and MAT2. In §4 we prove MRT by showing a more general result. In §5 we consider the relation between combinatorics of freeness and MAT.
Preliminaries
In this section let us fix a notation and introduce several results used for the rest of this article. Let A be an arrangement of hyperplanes in
the Möbius function µ is defined by µ(V ) = 1, and by
and the characteristic polynomial χ(A; t) is
For X ∈ L(A), the localizaton A X := {H ∈ A | X ⊂ H} is a subarrangement of A, and the restriction A X := {H ∩ X | H ∈ A \ A X } is an arrangement in X. More generally, for a point x ∈ V , let A x := {H ∈ A | x ∈ H}, and D(A) x is the localization of D(A) at the homogeneous prime ideal corresponding to x.
Next recall several results related to
Hence A is free if and only if D H (A) is free for some, and hence any H ∈ A. Hence 1 ∈ exp(A) when A = ∅ is free. For X ∈ L(A), it is easy to see that A X is free if A is free. Contrary to the localization, there are no relations of freeness between A and A H for H ∈ A. The most useful relation is Theorem 1.1. In fact, always we have the exact sequence
where ρ is the map taking modulo α H , and called the Euler restriction map. And the exact sequence (2.1) is right exact if all the three conditions in Theorem 1.1 hold. When A is free, we can relate the exponents with its Poincaré polynomial as follows. 
D(A, m) is a reflexive S-module, and not free in general. Hence we can define its freeness and exponents in the same way as for A. Let |m| :=
Then we have the Ziegler restriction map
Theorem 2.3 ([9])
Assume that A is free with
d ℓ ). In particular, the Ziegler restriction map is surjective in this case.
For the freeness, the following criterion is important. 
for all θ ∈ D(A ′ ).
Based on Theorem 2.5, we often use the following two arguments in this article.
Proof. 
where f i ∈ S. If there is some i such that π H (f i ) = 0 and 
where
By comparing the degrees, we may assume that π(f 2 ) ∈ K × . Then by Proposition 2.7, we may replace π(θ 2 ) by Qπ(θ E ) to obtain a basis Qπ(θ E ), π(θ 3 ), . . . , π(θ ℓ ) for D(A 
we have the desired basis for D(A).
Now assume that the statement holds true for q−1 ≥ 1. When the case of q, by induction, D(A) has a basis of the form θ E , α 2 η 2 , . . . , α q−1 η q−1 , θ q , . . . , θ ℓ with deg 
Hq ). Hence by the same argument as when q = 2, we may replace θ q by the derivation of the form α Hq θ ′ with θ ′ ∈ D(A \ {H q }), which completes the proof. Assume not. Hence
Let H q ∩ H j =: X j ∈ A Hq and let β j ∈ S/α q be the defining linear form of X j . Note that ∩ q−1 j=2 X j = X. We show that there is a point x ∈ X such that α Y (x) = 0 for all Y ∈ A Hq \ {X 2 , . . . , X q−1 }. To show it, it suffices to check that X ⊂ Y ∈ A Hq \ {X 2 , . . . , X q−1 } by extending the base field K if necessary. Assume that there is such Y = H ∩ H q , H ∈ A. Since X ⊂ Y ⊂ H, the condition (3) implies that H ∈ {H 2 , . . . , H q−1 }, a contradiction.
Hence there is x ∈ X \ Y ∈A ′′ q , Y =X j Y such that the right hand side of (3.1) is zero at x. We show that the left hand side cannot be zero at x. Since π(θ E ) is nowhere vanishing, it is equivalent to say that Q(x) = 0. Note that α Y (x) = 0 for Y ∈ A ′′ q \ {X 2 , . . . , X q−1 }. Thus Q(x) = 0 could occur only when m(X j ) ≥ 2 for some j, which cannot occur by the condition (2).
Proof of Theorem 1.4. Let α i be the defining linear form of H i . We show by induction on q. When q = ℓ, this is Theorem 1.2. Assume that the statement holds true for q + 1 ≤ ℓ. By induction, D(A ′ ) has a basis of the form θ E , θ 2 , . . . , θ q , η q+1 , . . . , η ℓ with deg assume that θ i is tangent to X for all i. Let x ∈ X with A x = {H q , . . . , H ℓ } by the condition (3). Then
i.e., the tangent space decomposes into the tangent space and normal space of X at x. Here k(x) is the residue field of S x . By the condition (2), the former is of (q − 1)-dimensional and the latter (ℓ − q + 1)-dimensional. Note that θ E and all θ i ∈ T X,x by the assumption above. Thus
In fact, the assertions in Theorems 1.3 and 1.4 are weaker than proved here. Explicitly, the following holds. (1), (2) and (3) 
Multiple restriction theorems (MRT)
After proving Theorems 1.3 and 1.4, it is also natural to ask whether we have a multiple restriction theorem or not. In the setup of MDT and MAT2, we can say yes to this question.
For an ℓ-arrangement A and a subspace X ⊂ V , define the arrangement
If X ∈ L(A), then A ∩ X = A X . By using these terminology, first, let us formulate the multiple restriction theorem in terms of MAT2 and MDT.
Theorem 4.1 (MRT from MDT)
Let A be a free arrangement satisfying the conditions (1), (2) and (3) in Theorem 1.3. For I ⊂ {2, . . . , q}, let
Here for θ ∈ D(A), θ stands for the restriction of θ onto X.
Proof. Apply Corollary 3.1.
Theorem 4.2 (MRT from MAT2)
Let A ′ be a free arrangement satisfying the conditions (1), (2) and (3) in Theorem 1.4. For I ⊂ {q, . . . , ℓ}, let
Here for θ ∈ D(A ′ ), θ stands for the restriction of θ onto X.
Proof. Apply Corollary 3.2.
In fact, when we want to check the freeness of A X in terms of Theorem 4.1, sometimes the conditions (1), (2) and (3) are too many to check. We can show the following MRT. To prove Theorem 4.3, the fundamental lemma is the following. Proof. Whether we can add hyperplanes to A, without destroying the freeness, by using MAT2 or not keeping freeness depends only on L(B). This observation completes the proof.
To give an example of Theorem 5.1, let us introduce the notation used in this section. Let K = R and let Φ an irreducible crystallographic root system of rank ℓ. Let W be the corresponding Weyl group acting on V = R ℓ . Fix a positive system Φ + . Then the simple system ∆ = {α 1 , . . . , α ℓ } is also fixed. For each α ∈ Φ + , the hyperplane H α consists of the points x ∈ V orthogonal to α. A Weyl arrangement A Φ + is defined as the set {H α | α ∈ Φ + }. More generally, for U ⊂ Φ + , define
